In this paper, we examine the possibility of utilizing non-concentric nested fullerenes C 60 @C N , where N = 240, 540, 960 and 1500 as nano-oscillators for future nanoelectromechanical applications, such as vibration sensing and energy harvesting devices. We assume that the interactions between a fullerene C 60 and a larger fullerene C N are dominated by the van der Waals forces which can be modeled utilizing the Lennard-Jones potential and the continuum approach for which carbon atoms are assumed to be uniformly distributed over the surfaces of the fullerenes. We determine analytically the equilibrium position of a C 60 molecule inside the fullerene C N and find that the larger the outer fullerene, the closer the C 60 molecule is to the surface of the outer fullerene. While we incorporate a frictional force between the two fullerenes into the model, we finally find that such friction forces is neglectable.
Introduction
Carbon nanostructures, such as fullerenes and carbon nanotubes, are of particular interest due to their unique mechanical, chemical and electronic properties. Together with such properties and their small size, carbon nanostructures play a vital role in the creation of many new nano technological devices. In this paper, we investigate mechanics of nanooscillators comprising a fullerene C 60 which is oscillating inside an icosahedral fullerenes C N of type 1 I h symmetry. According to Goldberg [12] , Yoshida and Osawa [24] and Dresselhaus et al. [8] , an icosahedral fullerene consists of twenty equilateral triangles, each specified by a pair of integers (n, m) such that the total number of carbon atoms N in the fullerene C N is given by 
where a C−C is the distance between carbon-carbon atoms. In general, a fullerene C N belongs to either I-or I h -symmetry. In particular, I h -symmetry is divided into two main types, namely type 1 when n = m and type 2 when n = 0 or m = 0. Hence, the C 60 fullerene has (n, m) = (1, 1), which belongs to type 1 I h -symmetry. The first five fullerenes of type 1 I h -symmetry are C 60 , C 240 , C 540 , C 960 and C 1500 , which correspond to n = 1, 2, 3, 4 and 5, respectively and the symmetry of such fullerenes is perfectly spherical. For the interactions of fullerenes C 60 and C N , we only consider the van der Waals force as it is the dominant short range molecular interaction. In this paper, the van der Waals interaction energy and force are modelled utilizing the Lennard-Jones potential and the continuum approach. This approach has been successfully employed by Cox et al. [4, 5] to investigate a gigahertz oscillator which comprises a fullerene oscillating axially inside a carbon nanotube. For further details of this approach we refer the reader to Girifalco et al. [16] and Cox et al. [4, 5] . Here, we consider non-concentric nested fullerenes C 60 @C N and we derive an analytical expression for the interaction potential energy of such nanostructures. Further, we envisage a nano-oscillator to be made up of an inner fullerene C 60 oscillating inside an outer fullerene C N . Micro-gyroscopes have been previously utilized as micro mechanical devices for vibration sensing [6, 13] and energy harvesting devices [23] . In terms of sensing and signalling devices, we comment that the advantage of the proposed nano-oscillators is that the output signals are in the form of frequency. This can be directly transferred to a digital signal which is much more robust to disturbances than a voltage output arising from a mechanical deformation. This paper is structured as follows. In the following section, we derive the molecular potential energy for non-concentric nested fullerenes C 60 @C N . In Section 3, we determine the frictional forces between two fullerenes. While in the last two sections, we discuss the possibility of utilization of such non-concentric nested fullerenes as vibration sensing and energy harvesting devices.
Molecular potential energy
Radius of C 60 a = 3.55Å Radius of C 240 r 2 = 7.12Å Radius of C 540 r 3 = 10.5Å Radius of C 960 r 4 = 13.8Å Radius of C 1500 r 5 = 17.52Å Mean surface density of C 60
Mean surface density of C 240 η 2 = 0.3767Å
Mean surface density of C 540 η 3 = 0.3898Å
Mean surface density of C 960 η 4 = 0.4011Å
Mean surface density of C 1500 η 5 = 0.3888Å
Mass of a single carbon atom m a = 1. In this paper, we model the molecular interactions between two fullerenes by employing the Lennard-Jones potential and the continuum approach. The Lennard-Jones potential is given by
where A and B denote the attractive and repulsive constants, respectively and ρ is the distance between two carbon atoms. The continuum approach is employed so that the molecular potential energy for two interacting fullerenes is obtained, namely
where η 1 and η N denote the mean atomic surface density of the inner fullerene C 60 and the outer fullerene C N and here ρ is the distance between two typical surface elements dS 1 and dS N on the fullerene C 60 and the outer fullerene C N , respectively. We refer to Table 1 for the values of constants utilized throughout this paper. From Fig. 1 , the distance between the center of the inner fullerene to the surface of the outer fullerene is given by
where ε denotes the offset distance measured from the center of the inner fullerene C 60 to the center of the outer fullerene C N , b is the radius of the outer fullerene and θ represents the angle as shown in Fig. 1 . From [4] , we have the potential energy for an atom on the outer fullerene interacting with all atoms of the inner fullerene of radius a in the form
where Q n is defined by
and the detailed derivation of Eq. (7) can be found in the Appendix A of [4] . Thus, the interaction potential energy between the inner fullerene C 60 and the outer fullerene C N is obtained by performing a surface integral of P (p) over the outer fullerene, namely
which can be evaluated analytically as
where J n (n = 3...10) are defined by
In Fig. 2 we plot the potential profiles for non-centric nested fullerenes C 60 @C N for various N as a function of the offset distance ε. For all cases the molecular potential energies possess their global minima, which represent the equilibrium configuration of the system. The offset distance ε from the center of fullerene C N to center of fullerene C 60 , which gives rise to the minimum energy configuration for C 60 @C 240 , C 60 @C 540 , C 60 @C 960 and C 60 @C 1500 are given in Table 2 . These results indicate that the larger the outer fullerene, the closer the C 60 fullerene to the inner surface of the outer fullerene. However, for the C 60 @C 240 , the C 60 molecule is almost concentric to the fullerene C 240 . We note here that when ε = 0 we obtain the case of concentric nested fullerenes and the results obtained from Eq. (9) is entirely consistent with Thamwattana and Hill [20] . Furthermore, we calculate the natural oscillating frequencies of C 60 inside C N utilizing pendulum motion and the results are also given in Table 2 .
C 60 @C N nano-oscillators frictional effect
In this section, the frictional effect between the fullerenes C 60 and C N is incorporated into the model in an attempt to provide a more realistic model. There are a number of experimental, molecular dynamics and analytical studies [11, 14, 18, 19] aiming to determine friction at the nanoscale. In terms of experimental investigations, these mainly involve the utilization of scanning tunneling microscopy [3] and atomic force microscopy [2] . Experimental results suggest that friction at the nanoscale is ultra-low [10, 15] . Furthermore, friction may be classified as either dissipative or non-dissipative, where the former scenario implies a non reversible dynamics because some energies are converted completely into heat or sound. Zheng and Jiang [25] apply the non-dissipative frictional forces, resulting from the inter-atomic locking, to investigate the frictional effect on the double-walled carbon nanotube as a gigahertz oscillator. In this paper, we adopt a dynamical friction force arising from electromagnetic fluctuations [7] to investigate the frictional effect between two fullerenes. Firstly, we consider an atom moving across a sample surface (see Fig. 3 for details). The atom-surface interaction potential and the rate of energy dissipation are given by
where d, j, E, F and v denote the resulting dipole moment, the current density the interacting electrical field, the frictional forces and the velocity of the atom respectively. Dedkov and Kyasov [7] show that the resulting frictional forces due to this fluctuation is given by
whereh, v, z, ǫ 1 (ω) and ǫ 2 (ω) denote the Dirac's constant, the translational velocity of the atom, the distance between the atom and the surface, the dielectric function of the atom and the dielectric function of the surface, respectively. We let H denote the integral as defined in Eq. (11) and the symbol ℑ denotes the imaginary part of the enclosed complex function. The values of dielectric functions for the C 60 and C N fullerenes can be obtained from Wang et al. [22] and Amusia and Baltenkov [1] . In order to find the total frictional force acting on the C 60 fullerene, we integrate Eq. (11) over the surface of the C 60 fullerene, namely
where the surface element of C 60 , dS = a 2 sin θdθdφ, z = b − ε + a cos θ shown in Fig. 3 , and again ε is the offset distance as measured from the centers of two fullerenes. Upon integrating, we obtain
where b denotes the radius of the outer fullerene. Upon making v = √ 4gε, where g denotes the gravitational constant, and H = 2 × 10 −3 , we can compute the distance between the inner wall of the C 60 and the outer wall of the C N and hence we can estimate the frictional coefficient κ and the frictional force F tot f = κv for the proposed systems. These results are summarized in Table 3 .
Types of
Distance between Frictional coefficient κ Frictional force F We next demonstrate that such a frictional force is neglectable at the nano-scale by investigating the oscillatory motion of the C 60 inside C N . Further, it is reasonable to assume that the frictional force F tot f is linearly proportional to the angular velocity of the C 60 molecule, i.e. F tot f = κεθ. Therefore, assuming that θ is small, the normalized equation of motion of the C 60 molecule can be written as
where γ = κ/2 and ω 0 denote the damping parameter and the natural angular frequency of the fullerene C 60 respectively. We may assume the solution of the form θ(t) = exp(ωt) to obtain the general solution which is given by
where C 1 and C 2 are constants of integration, which can be determined by utilizing prescribed initial conditions. According to classical mechanics, the ultra low frictional coefficient γ, which can be calculated from Table. 3, corresponds to the under damping case, whenever γ 2 < ω 2 0 is satisfied. Then, Eq. (15) reduces to
which is purely oscillatory motion. Hence we show theoretically that the frictional forces can be neglected at the nanoscale.
Vibration sensing
A sensing is a device that measures a physical quantity by converting such a quantity into a signal, which can then be read by an instrument. Vibration sensing or acceleration are mechanical sensors utilized for measuring, displaying and analyzing acceleration and vibration and the most common types of vibration sensing are piezoelectric, capacitance null-balance, strain gauge, resonance, piezoresistance and magnetic induction [9] . These devices are utilized in machinery that require accurate precision and reliable measurement of an angular rotation rate. For example, for automotive applications, where they are utilized for activating safety systems including air bags, implementing vehicle stability systems and electronic suspension. Besides automotive applications, these sensors can be utilized in many other applications, which require low cost and small size, e.g. biomedical applications for activity monitor and some consumer applications for the stabilization of camcorder pictures. The basic principle of such sensor is to measure the displacement of the proof mass and then work out the input frequency of the external source. We examine the perspective of utilizing the proposed nano-oscillators as vibration sensing subject to an external oscillating force F (t). Typically, the Mathieu equation is commonly involved in the analysis of this problem. In our case, assuming linearity of θ, the Mathieu equation can be written as
where γ = κ and ω 2 0 is the natural frequency of C 60 inside C N . Furthermore, we assume F (t) = Λ cos(Ωt)θ, where Λ and Ω denote the amplitude and the angular frequency of the external force respectively. In order to solve this problem, we adopt Floquet theory, which states that the solution θ can be expressed in terms of u(t) exp(λt), where u(t) is another periodic function, i.e. u(t) = u(t + T ) where λ and T denote any real number and the period of the oscillation, respectively. Upon substituting θ = u(t) exp(λt) into Eq. (17), we obtainü
Generally, this ordinary differential equation cannot be solved analytically. Upon making the assumption λ = −γ/2, we may reduce Eq. (18) to the general Mathieu equation, which has the standard solution in terms of even and odd Mathieu functions, namely
where C 1 and C 2 are constants and C (a, q, x) and S (a, q, x) denote even and odd Mathieu functions, respectively. We note that both the even and the odd Mathieu functions are solutions of the Mathieu equation and for small values of Λ/2, which represents the small external amplitude, the terms inside the curly bracket in Eq. (19) reduce to trigonometric functions describing a simple harmonic external force. Assuming both Λ and γ are sufficiently small as is the case for small external force amplitude and ultra low friction, by utilizing the boundary condition θ(t 0 ) = 0, Eq. (19) can be well approximated by θ = θ max sin (ω 0 Ωt/2), where θ max is the maximum angle that the fullerene C 60 attains. For example, we assume ω o from Table 2 and further assume θ max = π/4 and Ω = 1 MHz, we can determine the output oscillation θ of the C 60 fullerene, which is given in Fig. 4 , where t ranges from 0 to 10 ns. According to Eq. (19) , the eigenfrequency of the output oscillation f may be determined once the frequency of the external force Ω is known, i.e. f = (ω 0 Ω)/(4πn), where n ∈ N resulting in vibration sensing. In addition, given the output period T , we can determine the input frequency Ω of this system in the first eigen-mode by
We note that it is always plausible to calibrate ω 0 upon knowing the input and output frequencies as well as utilizing Eq. (20) . We observe that the higher the natural oscillating frequency, the higher the output frequency. Further, these very high output frequencies for θ indicate that they can be utilized as an accurate vibration sensing devices. However, their manufacture may well pose a challenge for current technology to detect and resolve such high output frequencies at the nano time scale.
Energy Harvesting
The ever reducing power of analog and digital circuits [21] . Hence, energy harvesting devices that extract energy from the local environment, e.g. ambient motion and vibration, are plausible to power such low powering electronic components [17, 23] . The basic principle is we assume that the frame causes the proof mass to move by the molecular interaction between them, which is assumed to be linear, when the frame experiences acceleration from the external vibration. And the energy is harvested, if such energy can be extracted from the oscillatory motion of the proof mass. Here, we also briefly note the advantages of utilizing these nano-oscillators for energy harvesting. A detailed theoretical work for such subject can be found in Mitcheson et al. [17] . Following similar calculations adopted by Yeatman et al. [23] , we find that the maximum power generated from our proposed nano-oscillator system is given by < P > max = mΩ 3 Λ 2 a 2 /6 for the non-resonant case and 2 < P > max for the resonant case, which are demonstrated as follows.
Non-resonant case:
Firstly, we suppose that the torque of the driven nano-oscillator is proportional to the relative rotational velocity. That is,
where D,Ḟ ,θ and I are damping coefficient, driving velocity, the velocity of the inner C 60 fullerene and the moment of inertia of C 60 respectively. Now a harmonic driven force F = Λ sin(Ωt) is introduced and since the system is assumed to be linear, a harmonic response of θ is given by θ = θ 0 sin(Ωt + φ), where φ is a phase change angle between F and θ. By substituting F and θ into Eq. (21) we obtain
Now we perform Laplace transformation for both sides and after some rearrangements, we get
Since θ 0 /Λ is a constant, we assume IΩ cos φ − D sin φ = 0 and this is automatically satisfied if
and thus we have 
which can be easily shown that Eq. (26) are equivalent to Eq. (25) . The extracted power is assumed to be given by the damping coefficient multiplied by the square of the relative velocity, that is
Therefore, the average power can be easily obtained by making < sin θ >= 1/ √ 2
for which the maximum power can be obtained upon substituting D = ΩI and by taking I = (2/3)ma 2 , we deduce
where a very high output frequency Ω turns this nano-oscillator into an efficient energy harvesting device.
Resonant case:
In this case, we incorporate the natural frequency ω 0 into the equation of motion. The modified equation of motion can be written as
where F and θ denote the same physical meaning as for the non-resonant case. Again a harmonic drive F = Λ sin(Ωt) is introduced and we also assume that the system is linear. Hence, a harmonic response of θ is given by θ = θ 0 sin(Ωt + φ) and substitute F and θ into Eq. (30) to obtain −IΩ 2 θ 0 sin(Ωt+φ) = D {ΩΛ cos(Ωt) − Ωθ 0 cos(Ωt + φ)}+ω 0 {Λ sin(Ωt) − θ 0 sin(Ωt + φ)} .
(31) Upon utilizing basic trigonometry identities and comparing both sides, we obtain θ 0 Λ = ω 0 (ω 0 − IΩ 2 ) cos φ − DΩ sin φ = DΩ DΩ cos φ + (ω 0 − IΩ 2 sin φ) .
At the resonance, we have ω 0 = IΩ 2 and Eq. (32) reduces to
upon utilizing sin 2 φ + cos 2 φ = 1, we deduce
Likewise, the power generated by the system is given by
Again, at the resonance, Eq. (35) reduces to
and hence the mean power is given by
where we have utilized Eq. (34) to obtain the last equality in Eq. (37). From which, the maximum power can be easily obtained upon substituting D = ΩI and taking I = (2/3)ma 2 we arrive
We note that the resonance vibrating device can generate twice as much as maximum power in comparison to the non-resonance device discussed above.
Conclusions
In this paper, we analytically determine the equilibrium distance ε at which the C 60 molecule has the minimum energy configuration inside fullerenes C N , where N = 240, 540, 960 and 1500. In addition, while we determine the frictional forces between fullerenes analytically, we find that it can be neglected at the nanoscale. Finally, we investigate C 60 @C N nano-oscillators as possible future energy harvesting and vibration sensing devices.
